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The behavior of thermal parameters pressure (P ) and thermoelastic parameters i.e. Isothermal bulk
modulus (KT ), its pressure derivative (K ′T ) and Thermal expansivity (α) has been analyzed for
Na-majorite and knorringite-majorite systems at different compressions down to a maximum value of
0.3 for temperature ranges from 300 K to 1500 K. The pressure dependent compressibility of these
garnets have been studied. The comprehensive study of thermodynamic and thermoelastic behavior at
different isotherms and isobars respectively has been achieved by employing both Vinet equation of
state and Anderson-Isaak equation. The study of thermal expansivity (α) using Anderson-Isaak and
Stacy-Davis approach shows a similar trend of MgO system. Based on the validation of Kumar’s
approach, the lattice parameter of garnet system is computed using Kumar and modified Kumar’s
approach at high temperature and is found to be very less deviated from the value of lattice parameter
at room temperature.
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Introduction

The Earth’s structure constitutes of three ma-
jor parts: upper mantle, lower mantle and core.
Garnets are vital geophysical minerals found in
the upper mantle [Anderson, 1995]. Garnets have
chemical formula of {X}3[Y]2(Z)3O12, and are ca-
pable of accommodating numerous ionic substitu-
tions signifying diversified chemical constitution
of mantle structure [Conrad et al., 1999]. The X-
site of dodecahedron and Y-site of octahedron are
often taken by divalent ions like Ca2+, Mg2+ and
trivalent ions like Al3+, Cr3+ respectively. Conven-
tional garnets contain Si-atoms inside the tetrahe-
dron structure at low pressures and tends to ex-
pand into octahedron replacing Y-sites at higher
pressures. Garnets exhibit cubic structure and
possesses short-range ordering due to less distinct
crystallographic sites. Consequently, the orderings
in garnets decreases their symmetry. The most
common isochemical garnet MgSiO3 exhibiting
high pressure polymorphic structure is called ma-
jorite (Maj) structure [Wijbrans et al., 2016]. Struc-
tures based on this majorite garnet MgSiO3 like
Na-majorite (Na2MgSi2(SiO4)3) and knorringite
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(Mg3Cr2Si3O12) garnets are found to be fascinat-
ing because of their origin [Dymshits et al., 2014a;
Zou and Irifune, 2012]. Na-majorite (Na-Maj) are
discovered as additions in diamonds and in man-
tle. This Na-majorite are common for eclogitic as-
semblage. It is interesting to explore multicom-
ponent systems containing elements with different
cationic radii. Till date, the physicochemical na-
ture of Si based materials active in magmatic phe-
nomena at high pressures and temperatures is not
yet studied extensively.

Another member of garnet family knorringite
(Knr) end-member, Mg3Cr2Si3O12 (Knr-Maj), is
an important component of upper mantle. Peri-
dotite rocks present in mantle have high content
of Knr . The enrichment in Cr3+ in these gar-
nets is an important aspect from diamond for-
mation perspective and depends on the consti-
tution of lithospheric mantle. There have been
some investigations on thermodynamic behavior
of knorringites at high-pressure as well as high-
temperature experiments [Klemme, 2004; Kuskov
et al., 2006; Turkin and Sobolev, 2009]. In addition,
ab initio studies have been for determining low-
temperature bulk modulus of Knr [Milman et al.,
2001]. The thermal expansivity of knorringites are
studied only as a part of pyrope solid solutions
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and very recently as single system [Dymshits et al.,
2014a].

The equation of state (EOS) of solids is signifi-
cant in numerous areas of basic and applied sci-
ence especially physics and geophysics. Various
models have investigated the constitutes of gar-
nets [Ringwood andMajor, 1967; Anderson and Bass,
1984]. Several previous studies have considered
the equation of state of garnets. The data ob-
tained from the investigations of some important
mantle garnets are not fully valid for understand-
ing naturally occurring mineral assemblies. It is
therefore necessary to perform additional calcula-
tions under high pressure and temperatures. With
this perspective the P -V -T behavior and thermoe-
lastic behavior under high compressions of gar-
nets have been examined using thermodynamic
approach. In this work, we report the thermoelas-
tic behavior and P -V -T equation of state of such
two garnets i.e. Na-majorite [Na2MgSi5O12] and
knorringite [Mg3Cr3SiO3O12]0.80 [Mg4Si4O12]0.99
solids using thermodynamic approaches [Dymshits
et al., 2014b]. These garnets are of significant as
they are capable of crystallizing under the condi-
tion of deep mantle and transition zone [Dymshits
et al., 2014b]. This study of garnets at higher pres-
sure is crucial as these garners comprise as much
as half of earth transitions zone [Dymshits et al.,
2014a].

Computational details

Equation of State

Various types of equation of state had been al-
ready developed earlier to study the thermoelas-
tic behavior of minerals [Vinet et al., 1986; Birch,
1952; Shanker et al., 1999]. By knowing the correct
EOS, we can find the useful properties like elastic
constant, Grüneisen parameter etc. Here in this
study, we have considered Vinet [Rydberg, 1932]
EOS written as,

P = 3K0x
2(1− x)exp

[3
2

(
K ′0 − 1

)(
1− x

)]
,

KT =K0x
2
[
1 +

{3
2

(
K ′0 − 1

)
x+ 1

}(
1− x

)]
exp

[3
2

(
K ′0 − 1

)(
1− x

)]
,

K
′
T =

1
3

[
x (1− η) + 2ηx2

1 + (ηx+ 1)(1− x)
+ ηx+ 2

]
,

where :

x =
(
V
V0

)1/3

η =
3
2

(K ′0 − 1) .

Thermoelastic behavior

We analyzed the thermoelastic behavior for gar-
nets using different approaches:

Anderson and Isaak approach
The thermoelastic behavior of solids of

Anderson-Isaak [Anderson and Isaak, 1993]
for obtaining the variation of thermal expansivity
(α) with volume can be written as,(
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)
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The quantities Anderson-Grüneisen parameter,
isothermal bulk modulus and thermal expansivity
can be expressed as:
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αKT
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(1)–(4) yields [Birch, 1952; Anderson et al., 1968](V
α

)( dα
dV

)
T

= δT (5)

If δT doesn’t depend on pressure, subsequently (5)
results in

α(T ,P )
α(T ,0)

= ηδT (6)

where η is the compression V (T ,P )/V (T ,0). More-
over Andersen-Grüneisen parameter δT (T ,P ) is
known to decrease with the compression η [Ander-
son, 1995]. Subsequently using the previous stud-
ies of Chopelas and Boehler [1992] and Anderson-
Isaak approach, thermal expansivity can be ex-
pressed as

α(T ,P )
α(T ,0)

= exp
[
−
(
δ (T ,0)

K

)
(1− ηK )

]
(7)

where K = 1.41 for MgO at 300 K, 1.25 at 2000 K
and 1.20 at 3000 K.

In the Na-Maj system data yielded V0 =
1475.9 Å, K0,300 = 184 GPa and K ′0T = 3.8,

(
∂KT
∂T

)
=

−0.023 GPa K−1, and parameters for thermal ex-
pansion coefficient (α = a+bT ); a = 3.18×10−5 K−1

and b = 0.18 × 10−8 K−2. In the Knr-Maj sys-
tem, V0 = 1549.08 Å; yielded K0,300 = 157 GPa
K ′0T = 4.5,

(
∂KT
∂T

)
= −0.019 GPa K−1 and a = 3.00 ×

10−5 K−1, b = 0.65×10−8 K−2. The results obtained
using this set of data is reported in Table 1 for Na-
Maj and Knr-Maj system respectively. The experi-
mental studies have been made by Dymshits et al.
[2014b] for Na-Maj and Knr-Maj The result has
been found for P ,KT and K

′
T using these input data

(Table 1) and Vinet’s EOS at different compression
and isotherms are reported in Figure 1 and Fig-
ure 2 for Na-Maj and Knr-Maj respectively. The
study on thermal expansivity of these garnets are
discussed in subsequent sections.
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Figure 1: Variation of (a) Pressure, (b) KT and (c)
K ′T with V /V0 for Na-Maj at different isotherms.

Stacey and Davis Approach

Stacey and Davis [2004] observed the variations
of K with pressure to be nonlinear and the slope
of the curve (K ′ = dK/dP ) was observed to de-
crease with increasing pressure. Considering ex-
treme limiting compression, V→0, P→∞, K also
tends to reach to ∞ but the ratio P /K remains fi-
nite with t = 1.13. Under this condition, we use
the following relationship for estimating thermal
expansivity.

α = α0

[
1−K ′

( P
K

)]t
(8)

(8) gives α = α0 at P = 0, and α→ 0 at infinite pres-
sure in view of (8). Taking log on both sides of the
equation, we get,

ln
α
α0

= tln
[
1−K ′

( P
K

)]
(9)

Figure 2: Variation of (a) Pressure, (b) KT and (c)
K ′T with V /V0 for Knr-Maj at different isotherms.

Kumar’s Approach

Kumar [Singh and Chauhan, 2004] has developed
a formula using the linear relationship between
thermal expansivity and temperature,

α = α0 +α′T , (10)

where α0 is the value of α at T = T0 i.e. at room
temperature and α′ = dα/dt, but found inconsis-
tent with the initial boundary condition viz. α =
α0 at T = T0. In order to satisfy the correlation,
Singh and Chauhan [2004] have modified (10) as
follows:

α = α0 +α′(T − T0) (11)

Coefficient of thermal expansivity

α =
1
V

(
dV
dT

)
P

(12)
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Table 1: Values of Initial Parameters

Parameters 300K 500K 1000K 1500K

Na-Maj

α × 10−5 3.23 3.27 3.36 3.45
KT (GPa) 184.0 179.4 167.9 156.4
K
′
T 3.800 3.842 3.970 4.146

δT 3.870 3.921 4.077 4.263

Knr-Maj

α × 10−5 3.195 3.325 3.650 3.975
KT (GPa) 157.0 153.2 143.7 134.2
K
′
T 4.500 4.518 4.558 4.595

δT 3.788 3.730 3.622 3.562

on putting the value of α from (11) in (12) and after
integrating the resulting equation on both sides we
get

α0 (T − T0) +
1
2
α′ (T − T0)2 = ln(

V
V0

) (13)

To find the value unknown parameter α′ Kumar
[Singh and Chauhan, 2004] used the relation ob-
tained by [Dhoble and Verma, 1986] based on ther-
modynamic approximation, given as:

(α′) = α2
0M, (14)

where M = [2δT − (dKT /dP )] and δT is the
Andersen-Grüneisen parameter defined as,

δT = −(1/αKT )
(
dKT

dT

)
P

(15)

Since, the product of α and KT remains constant
for solids at high temperatures i.e. temperature
range from T0 = 300 K up to melting temperatures.
Under this condition the relationship will be writ-
ten as,

δT = dKT /dP (16)

Using (16), (14) can be written as,

(α′) = α0
2δT (17)

Lattice parameter (r)

Here in this study, we have used the relation-
ship for lattice parameter or interionic separation
‘r’ based on the thermal expansivity (α) obtained
by Kumar [Singh and Chauhan, 2004] to find the
interionic separation of garnet materials. The vari-
ation of interionic separation based on Kumar’s ap-
proach is given as

r = r0

[1
3

{
α0 (T − T0) +

1
2
α′(T 2 − T 2

0 )
}]
. (18)

Also we have used the modified expression ob-
tained by Singh and Chauhan [2004] which is given
as,

r = r0

[1
3

{
α0 (T − T0) +

1
2
α′(T − T0)2

}]
(19)

to find the interionic separation for garnet materi-
als.

The other approach is to evaluate the variation
of lattice parameter r = a(p) under high pres-
sure by using Murnaghan equation of state [Mur-
naghan, 1944]

a (p) = a (0)
[
1 +

K ′0
K0

P

]− 1
3K ′0 (20)

where a(0) = r0 is the lattice parameter at 300 K.

Result and discussion

The values of P , KT and K ′T for Na-Maj and Knr-
Maj systems obtained at different compressions
and temperature using Vinet EOS’ are shown in
Figure 1 and Figure 2 respectively It can be ob-
served that variation of P ,KT and K ′T matches
with experimental data of earlier works of Na-
Maj [Dymshits et al., 2014a] and Knr-Maj [Dymshits
et al., 2014b]. This suggests the reliability of the
Vinet [Rydberg, 1932] EOS employed. It can be ob-
served from the P-V-T results of Na-Maj and Knr-
Maj that for producing the same amount of pres-
sure (V /V0), the required pressure magnitude be-
comes smaller and smaller as the temperature rises
from 300 K to higher temperatures up to 1500 K.
The values of most modulus K increases with in-
creasing pressure and decreasing temperature. As
the modulus is generally resistant to pressure, it
becomes difficult to pressurize hard at high pres-
sures due to the increasing volume modulus. On
the contrary, solids at higher temperatures are
softer and can be pressed at the same rate with
less pressure. K achieves a perfect value equal to
K∞ at very high pressures at the extremes of ex-
treme pressure. K ′ values decrease steadily with
increasing pressure because of the rate of modu-
lus switching in quantities. Si-based garnets con-
tain majorite constituent which increases signifi-
cantly with increasing pressure [Akaogi et al., 1987]
In addition, the impact of varying temperature
at constant pressure was also observed negligible
[Akaogi et al., 1987] The impact of temperatures
from 1000 K to 1500 K for the Na-Maj and Knr-Maj
are shown in Figure 1a and Figure 2a. The present
results are in concordance with earlier reported re-
sults [Akaogi et al., 1987] The majorite component
in garnets is influenced strongly by pressure and
this principle has been employed for estimating
the depth of majorite garnets.

The variation of compressibility of garnets are
shown in Figure 3 From the figure, the gar-
nets compressibility can be found in the order of
Knr-Maj < Na-Maj <Maj. Zou and Irifune [2012]
confirmed that Knr doesn’t contain majorite com-
ponent instead contain two combinations of miner-
als namely knorringite-eskolaite and of stishorite-
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Figure 3: Compressibility variation for (a) Knr-Maj and
wadsleyite and (b) Na-Maj and ringwoodite at 300 K.

wadsleyite. It can be observed from Figure 3a
that variation of compressibility with pressure in
Knr-Maj is matching with the variation for wads-
leyite at completely different pressures. Similarly,
Figure 3b shows an equivalent behavior of Na-
majorite with ringwoodite.

The thermoelastic properties of the Na-Maj and
Knr-Maj are estimated using the P ,KT and K ′T tab-
ulated in Table 1. The variation of thermal expan-
sivity ‘α’ with pressure at different temperatures
for both garnet systems have been obtained us-
ing (a) Stacey approach (8) and (b) Anderson-Isaak
approach (7) and are shown in Figure 4 and Fig-
ure 5. The values of thermal expansivity obtained
are in agreement with earlier reported work of Na-
Maj [Dymshits et al., 2014a] and Knr-Maj [Dymshits
et al., 2014b] The dispersion of thermal expan-
sivity is lower in case of Na-Maj as compared to
Knr-Maj over the studied temperature range which
could be due to different compositions of these gar-
net systems.

The thermal dependence of thermal expansivity
‘α’ is also calculated from Stacy-Davis approach
(8) and has been compared with Anderson-Isaak
approach (7) at a fixed pressure of ∼10 GPa. The
compared values have been plotted in Figure 6a
and Figure 6b for Na-Maj and Knr-Maj respec-
tively. It can be observed that from Figure 6a that
for Na-Maj both the approaches display similar in-
creasing behavior. However, Anderson-Isaak ap-
proach is observed to give more accurate values
and is in agreement with existing work [Dymshits
et al., 2014a] Similarly, in Figure 6b, the Anderson-
Isaak and Stacy-Davis approach for Knr-Maj show
similar trend. Furthermore, Anderson-Isaak ap-
proach is again observed to give promising results
matching with existing literature [Dymshits et al.,
2014b].

The validation of Kumar’s approach in garnets
assists in determining the lattice parameter sepa-
ration for both the systems as a function of temper-
ature. The lattice parameter at different isotherms
is obtained by Kumar’s (a) and modified Kumar’s
(b) approaches using (17) and (18) for Na-Maj and
Knr-Maj systems. The variation of lattice parame-
ter with pressure for Na-Maj and Knr-Maj obtained
using (20) are shown in Figure 7a and Figure 7b
respectively. Both of the approaches show similar
trend for Na-Maj and Knr-Maj and are compatible
with each other. The estimated values of lattice pa-
rameter versus pressure for Na-Maj in Figure 7a
closely agrees with experimental results [Hazen
et al., 1994] Figure 8a and Figure 8b shows the ther-
mal variation of lattice parameter for Na-Maj and
Knr-Maj It can be observed that as the temperature
increases from 300 K to 2000 K, the lattice param-
eter increases for both garnet systems. The esti-
mated values of lattice parameter versus tempera-
ture for Knr-Maj in Figure 8b closely agrees with
experimental results [Dymshits et al., 2014a]. The
maximum increase in lattice parameter for Na-Maj
is of 12.25% and for Knr-Maj is 5.2%. These re-
sults are corroborating the hardness, stiffness and
rigidity of these garnets.

Conclusion

A comprehensive thermodynamic study on Na-
majorite (Na-Maj) and knorringite-majorite (Knr-
Maj) garnet systems have been obtained. The val-
ues of P ,KT and K ′T for Na-Maj and Knr-Maj sys-
tems at different compressions and isotherms are
obtained using Vinet EOS’. The compressibility
of the garnets is compared to the conventional
majorite and compressibility is found in the or-
der of Knr-Maj < Na-Maj <Maj. The variation of
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Figure 4: α vs. P for Na-Maj at (a) 300 K, (b) 500 K, (c) 1000 K and (d) 1500 K.

Figure 5: α vs. P for Knr-Maj at (a) 300 K, (b) 500 K, (c) 1000 K and (d) 1500 K.
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Figure 6: α vs. T for Na-Maj (a) and Knr-Maj (b) at ∼10 GPa.

Figure 7: (a) Variation of Lattice Parameter vs. P for Na-Maj at 300 K
(b) Variation of Lattice Parameter vs. P for Knr-Maj at 300 K.

Figure 8: (A) Variation of Lattice Parameter vs. T for Na-Maj
(B) Variation of Lattice Parameter vs. T for Knr-Maj.

thermal expansivity ‘α’ with pressure at different
isotherms for both garnet systems have been stud-
ied using Stacey as well as Anderson-Isaak ap-
proach and the low dispersion in thermal expan-
sivity for Na-Maj as compared to Knr-Maj is at-
tributed to difference in compositions of these gar-
net systems. The thermal variation of thermal ex-
pansivity ‘α’ for Na-Maj and Knr-Maj for a partic-
ular isobar shows a linear variation shown by most
of the materials and has the same trend shown by
experimental data for NaCl and KCl, which ex-

pands the validation of Kumar’s linear relationship
from alkali halides to garnets also. The validation
of Kumar’s approach in garnets has been used to
estimate the lattice parameter for both garnets as
a function of temperature. Based on the results, it
can be deduced that the value of lattice parameter
extended upto a maximum of 12.25 % in case of
Na-Maj system and 5.20 % for Knr-Maj system at
very high temperature and such variations are re-
lated to the hardness, stiffness and rigidity of these
garnets.
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