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Abstract: Sea surface waves create pressure waves of the infrasound range that do not fade with
depth, which have a noticeable effect on the processes occurring in the earth's crust. The connection
between the energy of surface waves and microseisms makes it possible to solve the inverse problem
and reconstruct wave characteristics based on seismic measurement data. These studies require
information on the physical factors that cause ambiguity in the relationship between wave spectra
and the spectra of infrasound generated by them. In this paper, the change in the shape of the
infrasound spectrum is analyzed within the framework of numerical simulation. Well-known surface
sea wave spectral models are used for analysis. It is shown that the main factors influencing the
shape and peak value of the infrasound spectrum are the difference in the frequencies of the spectral
peaks of swell ωw1 and wind waves ωw2, as well as the change in the angle between the directions of
their propagation. For the same spectrum of surface waves, when ωw1 ≈ωw2, the maximum value
of the infrasound spectrum peak occurs at the opposite direction of wave propagation, it decreases
by more than 5 times when the directions are mutually orthogonal, it decreases by two orders of
magnitude, when the directions coincide. With an increase in the difference between ωw1 and ωw2,
the frequency range where the generation of infrasound is determined by the interaction of swell and
wind waves narrows.
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Introduction

Currently, much attention is being paid to research related to the transfer of energy
from sea waves to the earth's crust [Chupin and Gusev, 2022; Wilson, 2018; Zapevalov, 2023].
In the linear approximation, the pressure pulsations created by surface waves quickly
attenuate with depth and can be neglected at depths greater than half the wavelength.
If the depth is small compared to the wavelength, the impact on the seabed can be quite
large and generate microseisms of the first kind, with the frequency generating their waves.
The generation of infrasound pressure waves (further infrasound) that do not decay with
depth is modeled using the framework of three-wave interactions between one acoustic
wave and two surface waves propagating in opposite directions. The three-wave interaction
leads to the generation of microseisms of the second kind, with twice the frequency of
the waves generating them. In this model, the propagation of acoustic waves is described
by a linear wave equation, the nonlinearity is associated with boundary conditions for
hydrodynamic equations [Naugolnikh and Rybak, 2003]. The field of surface waves is
represented as a superposition of linear waves [Brekhovskikh, 1966a; Hasselmann, 1963;
Zapevalov and Pokazeev, 2016].

Data from wave and seismic measurements indicate that there is a statistical relation-
ship between the characteristics of waves and microseisms. This allows us to solve the
inverse problems: to restore the trajectory and speed of movement of typhoons [Davy et al.,
2014; Dolgikh and Mukomel, 2004], to estimate the energy of surface waves based on seismic
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measurements [Bromirski et al., 1999; Donne et al., 2014], as well as predicting the arrival of
storm waves that have arisen in remote regions. [Rindraharisaona et al., 2020]. At the same
time, there were situations when the energy of surface waves calculated using statistical
models turned out to be significantly underestimated [Cutroneo et al., 2021]. A variety of
spectral characteristics of infrasound microseisms recorded during the passage of cyclones
in the Sea of Japan was also noted [Chupin and Gusev, 2022].

Situations in which surface waves propagate in opposite directions can be divided into
three groups [Ardhuin et al., 2012]. The first situation is when there is one wave system on
the sea surface, with a fairly wide distribution of wave energy in directions. This situation
was considered in [Zapevalov, 2007], where it was shown, that at frequencies close to the
spectral peak frequency, the main contribution to infrasound generation is made by waves
that propagate in directions orthogonal to the wind direction. The second situation occurs
when waves run onto the coast and are reflected from it [Ardhuin et al., 2011]. In this
situation, the frequencies of the spectral peaks of the incident and reflected waves coincide.
The third is a situation in which two wave systems are simultaneously present on the sea
surface. It occurs, for example, when swells coming from the cyclone region interact with
waves generated by the local wind [Tabulevich et al., 2001]. The frequencies of the spectral
peaks of the swell and wind waves differ.

In this paper, we analyze the spectrum of infrasound that generates microseisms of the
second kind. We will focus on the third situation, in which discrepancies in the frequencies
of the peaks of the wave spectra, as well as a change in the angle between the directions
of wave propagation in two systems, can cause to ambiguity in the statistical relationship
between wave and seismic characteristics.

Infrasound SpectrumModel

Two surface waves create a acoustic wave that does not decay with depth and propa-
gates along the normal to the undisturbed surface if the surface waves satisfy the conditions

k⃗1 = −k⃗2,

ω1 = ω2,
(1)

where k⃗ is the wave vector, ω is the angular frequency. We will assume that the field of
surface waves is formed by gravitational waves propagating in deep water, which satisfy
the dispersion relation

ω2 = gk, (2)

where g is the gravitational acceleration, k is the wave number. The dispersion relation (2)
uniquely relates the parameters k and ω, therefore, to generate infrasound, it is necessary
and sufficient to satisfy condition (1). If equality (1) is approximate, then the horizontal
component of the wave vector of the pressure wave K⃗ is not zero K⃗ = k⃗1 + k⃗2 , 0 and this
wave propagates at an angle to the vertical [Brekhovskikh, 1966b].

In a linear wave field, which is a superposition of sinusoidal waves, the pressure
spectrum is determined by the directional spectrum of surface waves Let us represent the
directional spectrum of surface waves as follows

Fw(ωw,θ) = Sw(ωw)Θ(ωw,θ),

where ωw is the surface wave frequency; θ is azimuth angle; Sw(ωw) is one–dimensional
frequency wave spectrum; Θ(ωw,θ) is spreading function. The spreading function Θ(ωw,θ)
describes the distribution of wave energy across different directions and satisfies the
normalization condition ˆ 2π

0
Θ(ωw,θ)dθ = 1. (3)
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In this formulation of the problem, the infrasound spectrum is related to the wave
spectrum by the equation [Farrell and Munk, 2013]

Sp
(
ωp

)
=
π
2

(ρg
c

)2
ω3
pS

2
w(ωw)IΘ(ωw),

where the infrasound frequency ωp and the surface wave frequency ωw are related as
ωp = 2ωw; ρ is the density of sea water; C is the speed of sound in water; IΘ is a factor
determined by the angular distribution of wave energy. The multiplier IΘ has the form

IΘ(ωw) =
ˆ 2π

0
Θ(ωw,θ)Θ(ωw,θ +π)dθ. (4)

Directional Spectrum of Surface Waves

Let us consider a field of surface waves, which is a superposition of two wave systems:
swell (the first system) and wind waves (the second system). In this case, the frequency-
angular spectrum can be represented as

FwΣ(ωw,θ) = SwΣ(ωw)ΘΣ(ωw,θ) = Sw1(ωw)Θ1(ωw,θ) + Sw2(ωw)Θ2(ωw,θ),

Here and below, the subscripts Σ, 1 and 2 respectively indicate that this characteristic
refers to the resulting wave field, swell and wind waves. The frequency spectrum and the
spreading function are given as

SwΣ(ωw) = Sw1(ωw) + Sw2(ωw).

ΘΣ(ωw,θ) = R1(ωw)Θ1(ωw,θ) +R2(ωw)Θ2(ωw,θ),
(5)

where R1(ωw) = Sw1(ωw) / SwΣ(ωw); R2(ωw) = Sw2(ωw) / SwΣ(ωw). Spreading functions
ΘΣ(ωw,θ), Θ1(ωw,θ) and Θ2(ωw,θ) satisfy the normalization condition (3). For certainty,
we assume that the frequency of the spectral peak of the first wave system is lower than
the frequency of the spectral peak of the second wave system.

In the frequency domain, where the functions R1(ωw) or R2(ωw) of one of the wave
systems is close to one, the influence of the other wave system can be ignored. In this
frequency domain, the generation of infrasound will be determined only by the spreading
function of a single wave system.

We will use an approximation of the frequency spectrum of the swell in the form of
the JONSWAP spectrum [Lucas and Soares, 2015]

Sw1(ωw) = A1

(
ωw

ωw1

)−5

exp

−5
4

(
ωw

ωw1

)−4Γ Φ ,
where A is constant depending on the height of the waves; ωw1 is the frequency of the peak
of the swell spectrum; Γ = 1.7; Φ = exp

(
−0.5(ωw −ωw1)2υ−2ω−2

w1

)
; υ = 0.07 when ω ≤ωw1,

υ = 0.09 when ω > ωw1.
The spectrum of wind waves is given in the form of a modified JONSWAP spectrum

proposed in the paper [Donelan et al., 1985]. This spectrum is also called the Donelan
spectrum. The parameters of this model are the frequency of the peak of the wind wave
spectrum ωw2 and the parameter ς, which characterizes the stage of development of the
wave field. The parameter , called the inverse wave age, is defined as

ς =
W10

cw2
,

where cw2 is phase velocity of wind waves with frequency ωw2. Large values of the parame-
ter correspond to an earlier stage of development of the wave field. The boundary value of
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the parameter ς separating wind waves and swell is 0.83. The Donelan spectrum has the
form

Sw2(ωw) = A2ω
−4
w exp

 −
(
ωw2

ωw

)4
 Γ Φ ,

where Φ = exp
(
−0.5(ωw −ωw2)2υ−2ω−2

w2

)
; υ = 0.08

(
1 + 4

ς3

)
; Γ = 1.7 + 6.0 lg(ς).

Let the frequencies of the spectral peaks of two wave systems be related as ωw2 = γωw1.
It is advisable to move to dimensionless frequency by introducing normalization

ω̃w =
ωw

ωw1
, (6)

from which it follows ω̃w1 = 1, ω̃w2 = γ = ωw2
ωw1

. Further we will assume that Sw1(ωw1) =
Sw2(ωw2). To compare spectra calculated in different situations, we introduce a normaliza-
tion in which the maximum value of the spectrum of each wave system is equal to one. The
spectra of each wave system normalized in this way and the total spectrum calculated for
them will be denoted by the tilde symbol.

As can be seen from Figure 1, the spectrum S̃Σ(ωw) and functions R1(ωw), R2(ωw)
strongly depend on the ratio of the frequencies of the peaks of the spectra of wind waves
and swell. Changes in the functions R1(ωw) and R2(ωw) indicate that with an increase in
the parameter γ , the frequency domain where the generation of infrasound is determined
by the interaction of wind waves and swells narrows, and the areas where the generation of
infrasound is determined by the angular distribution of only one wave system expands.
Also, as the parameter γ increases, the spectrum S̃wΣ becomes more broadband, and its
maximum decreases.

Figure 1. Changes in the shape of the surface wave spectrum S̃wΣ(ωw) and functions R1(ωw), R2(ωw)
with a change in the parameter γ . Curves 1–3 are S̃w1, S̃w2, S̃wΣ; curves 4 and 5 are R1 and R2
respectively.

The spreading functions Θ(ωw,θ) are most narrowly directed at frequencies near
the spectral peak and expand towards low and high frequencies [Babanin and Soloviev,
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1998; Donelan et al., 1985; Mitsuyasu et al., 1975]. For wind waves and swell, we define
a spreading function in the form [Hasselmann et al., 1980]

Θ(ωw,θ) = N cos2s
(
θ −θ0

2

)
,

where N is the normalizing factor determined from the condition (3); θ0 is the angle
corresponding to the main direction of wave propagation;

s =


9.77

(
ωw

ωw0

)−2.33−1.45(ς−1.17)

,
ωw

ωw0
> 1.05

6.97
(
ωw

ωw0

)4.06

,
ωw

ωw0
< 1.05

.

Here for the swell ωw0 = ωw1, for wind waves ωw0 = ωw2.

Modeling of the Infrasound Spectrum

In a wave field where two wave systems are present, the distribution of wave energy
in directions is described by spreading function (5). The multiplier IΘ determining the
energy of waves propagating in the opposite direction becomes multiparametric IΘ =
IΘ(ωw,ωw1,ωw2,θ1,θ2). Since the level of infrasound generated by surface waves depends
on the angle between the main directions of wave propagation, it is advisable to introduce
a parameter ∆θ = θ1 − θ2 − π. Taking into account the normalization (6), we obtain
IΘ = IΘ(ω̃w,γ,∆θ).

To analyze the changes in the shape of the infrasound spectra calculated for different
values of the parameter ∆θ, all spectra were normalized to maxSp

(
ωp,∆θ = 0

)
. The change

in the shape of the infrasound spectrum and the multiplier IΘ at a fixed value of parameter
γ and different mutual directions of the two wave systems are shown in Figure 2.

Figure 2. Changing the shape of the infrasound spectrum S̃p and multiplier Iθ with different mutual
directions of the two wave systems.

Calculations were performed for the case when the peak frequencies of two wave
systems are sufficiently close γ = 1.2. With increasing ∆θ, the maximum value of the
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infrasound spectrum rapidly decreases, reaching a minimum at ∆θ = π, i.e. in a situation
where the main directions of propagation of swell and wind waves coincide.

Let us analyze how the maximum value of the infrasound spectrum changes with
other ratios of frequencies ωw1 and ωw2. To do this, we consider a family of functions

Ψ (∆θ,γ) =
max

(
Sp(∆θ,γ = const)

)
max

(
Sp(∆θ = 0,γ = const)

) .
As follows from Figure 3, with an increase in the parameter γ , the general appearance

of the function Ψ (∆θ,γ) is preserved, maximum at ∆θ = 0, minimum at ∆θ = π. For large
values γ , the function Ψ (∆θ,γ) weakly depends on ∆θ, and its minimum value approaches
unity. At γ = 5 the minimum value of the function Ψ (∆θ,γ) is 0.9. The degeneration of
the function Ψ (∆θ,γ) into a constant close to unity means that in this case the infrasound
spectrum at frequencies close to the maximum frequency of the spectrum of one of the two
surface wave systems can be calculated without taking into account the presence of the
other.

, rad

Figure 3. Family of functions Ψ (∆θ,γ).

Conclusion

Numerical analysis performed within the framework of well-known models of fre-
quency spectra and spreading functions of the angular distribution of sea waves makes it
possible to better understand the mechanism of formation of the infrasound spectrum by
the sea surface. In a situation where two wave systems (swell and wind waves) are present
on the sea surface, the infrasound spectrum significantly depends on the angle between
the main directions of their propagation and on the frequency difference of their spectral
peaks. If the condition ωw1 ≈ ωw2 is met, then for the same spectrum of surface waves, the
maximum value of the peak of the infrasound spectrum occurs with the opposite main
direction of wave propagation, with a mutually orthogonal main direction it decreases
by more than 5 times, and with the coincidence of main directions it decreases by two
orders of magnitude. If the difference ωw1 and ωw2 increases, then the frequency domain
within which the generation of infrasound is determined by the interaction of swell and
wind waves narrows. When the condition ωw2 / ωw1 > 5 is met, the generation of infra-
sound around ωw1 is determined mainly by the spreading function of swell, around ωw2 is
determined by the spreading function of wind waves.
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