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On the resonance excitation of nearly diurnal free
nutation 280-230 Ma
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Abstract. Recent paleomagnetic data have shown that the history of the Earth’s magnetic
field includes a unique, fairly long (280 Ma to 230 Ma) interval during which the orientation
of the Earth’s magnetic dipole remained stable relative to the Earth’s rotation axis. As
noted in [Molodensky, 1981], this geologic epoch coincided with the time when the retrograde
annual nutation excited by the tidal wave ¥, coincided in frequency with the nearly diurnal
free resonance of the Earth’s liquid core. The resonance excitation of the nearly diurnal free
nutation could lead to an abrupt increase in the amplitude of nearly diurnal oscillations
of the liquid core, and this could result in a drastic change in the geomagnetic dynamo
regime (particularly in the turbulent boundary layer at the liquid core/mantle boundary,
where the velocity gradient of the nearly diurnal oscillations is highest). To estimate the
effectiveness of this mechanism, one should evidently take into account effects of tidal
energy dissipation; due to these effects, the resonance amplitude tends toward a certain
finite limit. For this purpose, below I address the resonance effects of the tidal energy
absorption in (i) oceans, (ii) inelastic mantle, and (iii) viscous core with due regard for
the electromagnetic coupling of the liquid core with the mantle. In order to estimate the
inelasticity of the mantle in the range of tidal frequencies, the viscosity of the liquid core,
and the core-mantle electromagnetic coupling, I used results derived from analysis of new
data on amplitudes and phases of forced nutation. The amplitude of resonance oscillations
of the liquid core was shown to exceed their contemporary amplitude by about an order of
magnitude, so that the hypothesis under consideration appears to be rather plausible.

Formulation of the Problem

The phenomenon of nearly diurnal free nutation of a
planet with an ellipsoidal homogeneous ideal incompressible
liquid core and a solid shell was discovered and examined
simultaneously and independently in 1909-1910 in classical
works by Hough, Sludsky, and Poincare (e.g. see [Lamb,
1945; Poincare, 1910]). This phenomenon reduces to the fact
that, as the frequency of the diurnal tidal wave approaches
the resonance frequency equal to

op = —w(l+engA/A2) , (1)
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(here w is the angular frequency of the Earth’s diurnal rota-
tion, ejq is the geometric flattening of the liquid core, and
A and A are the equatorial moments of inertia of the whole
Earth and the solid shell, respectively), the amplitude of the
differential rotation of the liquid core relative to the shell in-
creases unboundedly, which leads to an unbounded increase
in the amplitude of forced nutation of the shell in space
excited by this wave.

In the case of a more realistic model of the Earth including
an elastic or inelastic mantle, a nonideal liquid core, and
ocean, resonance amplitudes of forced nutation and tidal
strain of the shell have finite values determined by the total
amount of energy absorbed over the tidal cycle. Therefore,
correct estimation of the resonance amplitudes should take
into account not only the mantle elasticity effect on the value
of o, but also all main dissipative effects.

The nearly diurnal resonance of the liquid core, influ-
encing significantly precise measurements of amplitudes of
forced nutation and diurnal earth tides, has recently been
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studied rather extensively. Earth models fitting best the en-
tire set of modern astrometric and tidal gravity data were
constructed [Molodensky, 2004] in order to describe dynamic
tidal effects of the real Earth including a heterogeneous com-
pressible viscous electrically conductive liquid core, inner
solid core, viscoelastic shell, and ocean. In particular, anal-
ysis of these models showed that the best fit between the-
oretical and observed nutation amplitudes can be attained
with the following values of parameters:

eliq = 0.002736 4= 0.000001,

K = 1.0435 £ 0.0005,
esol = 0.0053 £ 0.0002 ,

(2)

where ejiq and eso1 are the effective dynamic flattenings of
the outer liquid and inner solid cores, respectively, and Ky,
is the dimensionless coefficient of effective inelasticity of the
mantle defined as the ratio of the coefficient of mantle effec-
tive rigidity A2 (with respect to volume forces of tidal type)
for diurnal oscillations to its value for oscillations at a period
of 200 s (the PREM model was constructed for this period).

The value ejiq = 0.002736 exceeds the hydrodynamic equi-
librium dynamic flattening of the liquid core enyqa = 0.00256
by about 8%, and the value es, = 0.0053 is greater than the
equilibrium flattening of the inner solid core by about two
times. As was shown in [Molodensky, 2001; Molodensky and
Groten, 2001], these divergences can be related to rheologi-
cal properties of the mantle (due to their effect, the contem-
porary flattening of the liquid core can be conformable to
the daily rotation velocity existing at the time 280-230 Ma,
when its value and the equatorial ratio of the centrifugal
force to the gravitational force was higher), as well as to the
effect of the electromagnetic coupling of the liquid core with
the mantle and the inner solid core, which produces an ad-
ditional force moment acting on the inner solid core in the
same way as the moment arising due to the ellipticity of the
solid and liquid cores. With electrical conductivity values
characteristic of metals at temperatures and pressures of the
Earth’s core, the magnetic field diffusion time is many orders
greater than the period of nutation-induced oscillations of
the solid core relative to the liquid core, implying that both
electromagnetic and inertial coupling does not lead to tidal
energy dissipation and a phase shift of the moment of elec-
tromagnetic forces relative to the moment of hydrodynamic
pressure forces. Therefore, the fact that eso is significantly
greater than the hydrostatic flattening of the inner solid core
en does not indicate that the real (geometric) flattening of
the solid core differs from ey, significantly.

In the recent epoch, the period of the nearly diurnal free
nutation in space determined by values (2),

T = 2m/(w+ o) (3)

amounts to 434 sidereal days, which differs significantly from
the solar year. However, due to a higher ratio of the cen-
trifugal force to the gravitational force in the interval 280—
230 Ma, hydrostatic flattenings of the liquid core and the
mantle were also considerably higher. As is evident from
formulas (1) and (3), the period of nearly diurnal free nuta-
tion decreases with an increase in ejjq.
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In the recent epoch, the day duration is known to increase
by about 2 milliseconds per century (mainly due to dissipa-
tion of energy in shallow ocean areas). However, estimates
for remote geologic epochs (based on calculations of coti-
dal maps showing the then-existing land-sea distributions)
yield an appreciably larger value. If one assumes, in accor-
dance with [Zharkov et al., 1996], that an increase in the
day duration over the last 280-230 Myr lie within the range
0T4ay ~ (4—6)-10® s and the value of the liquid core-mantle
electromagnetic coupling was nearly the same as presently,
the period of nearly diurnal free nutation in that epoch (with
6Taay ~ 5-10% s) should have been exactly equal to the
solar year, and the frequency of retrograde annual nutation
excited by the tidal wave ¥ should have coincided with the
nearly diurnal resonance frequency of the liquid core.

Resonance excitation of nearly diurnal free nutation
abruptly increases the amplitude of nearly diurnal oscilla-
tions of the liquid core relative to the mantle. This should
give rise to two observable effects: (1) a change in the
geomagnetic dynamo regime (particularly in the turbulent
boundary layer at liquid core/mantle interface, where the
velocity gradient of nearly diurnal oscillations is highest)
and (2) an abrupt increase in tidal strain amplitudes in the
mantle (determined by the dimensionless Love (h and k)
and Shida (I) numbers.

The first effect can be associated with the period of
anomalously rare changes in the orientation of the magnetic
dipole relative to the Earth’s geographic poles.

Movements of the Earth’s magnetic poles (defined by the
orientation of the dipole that characterizes the main part
of the geomagnetic field) are reconstructed from paleomag-
netic data. The movements of geomagnetic poles are most
clearly determined from profile data on the geomagnetic
field recorded across the strike of the Mid-Atlantic Ridge,
where mantle material rises and, upon cooling, moves hor-
izontally eastward and westward at an average velocity of
about 2 cm yr~'; during this process, rocks retain in their
“memory” the magnetic field corresponding to the Curie
point (the temperature at which ferromagnetic domains are
pinned). Profile data obtained at various latitudes coin-
cide, implying that the maximum distance between the ge-
omagnetic and geographic poles never exceeded a few de-
grees. Polarity of the magnetic dipole experienced jumplike
changes. The time of constant orientation of the magnetic
dipole varies from a few tens of thousands to 50 million years
(the longest period of the Earth’s history during which the
orientation did not change coincides with the interval 280-
230 Ma). The northern magnetic pole was close to the north-
ern geographic pole in about half of polarity change cases;
the northern (southern) magnetic pole approximately coin-
cides with the southern (northern) geographic pole in the
other half of cases. The approximate coincidence of geo-
graphic and magnetic poles is accounted for by a strong ef-
fect of the Coriolis force on the convective motions in the
liquid core. According to the Taylor-Proudman theorem
(e.g. see [Greenspan, 1969]), stationary (geostrophic) flows
of a rotating liquid meet the condition dv/dz = 0, where
v is the velocity vector and the z axis is oriented along the
axis of the liquid rotation. On the strength of this relation,
the so-called Taylor-Proudman columns oriented along the
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rotation axis arise in the rotating liquid [Greenspan, 1969];
motions in these columns are nearly axisymmetric and gen-
erate a dipole component of the magnetic field preferably
oriented along the liquid rotation axis.

An abrupt rise in mantle amplitudes of the tidal strain
in the resonance time interval can lead to observed effects
(e.g. the effects that are associated with the rise in the am-
plitude of oceanic tides excited by the wave W; and can be
studied from data on daily and yearly nodes of fossil corals).
Below, to obtain their estimates for the resonance epoch,
I calculate the Love number h (determining the ratios of
vertical displacements of the Earth’s surface to the vertical
displacement of the equipotential surface of the summarized
gravitational potential of the Earth and the tide-generating
potential at its surface), the Love number k& (determining
the ratio of the potential change due to the tidal mass redis-
tribution inside the Earth to the tide-generating potential
at its surface), and the Shida number ! (determining the
horizontal tidal displacements of the Earth’s surface).

Description of the Model

To estimate the effectiveness of the mechanism of reso-
nance excitation of nearly diurnal free nutation, one should
evidently take into account the effects of tidal energy dissipa-
tion due to which the resonance amplitude tends to a certain
finite limit. For this purpose, resonance effects of tidal en-
ergy absorption are considered below (1) in oceans, (2) in
an inelastic mantle, and (3) in a viscous core with regard for
the electromagnetic coupling of the liquid core and mantle.
The inelasticity of mantle in the tidal frequency range, the
viscosity of the liquid core, and the core-mantle electromag-
netic coupling were estimated with the use of new data on
amplitudes and phases of forced nutation obtained in [Molo-
densky, 2000, 2004; Molodensky and Groten, 2001].

Estimates in an inelastic mantle were obtained with the
use of the power-law function of creep with an exponent o
[Smith and Dahlen, 1981]; in this case, the ratios of the real
and imaginary parts of the shear modulus at frequencies w
and wo obey the relations (e.g. see [Zharkov et al., 1996])

Rou(w) . flwiwo)

Repwo) ~* Qu(wnsl) ’ (42)
mpw) oo
Im,u(wo) _g( b 0)7 (4b)

where @), are mechanical quality parameters, [ is the depth
to a spherical layer, and f(w,wo) is a coefficient depending
on rheological properties of the medium. In the particular
case a — 0, this dependence includes the Lomnitz function
of creep:

flw,wo) = %ln% ; (5a)

(5b)

g(w,wo) = const .
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In the more general case of a power function with a # 0, the
functions f(w,wo) and g(w,wo) are given by the expressions

f(w,wo) = cot % ((wo/w)" - 1) (6a)
glwswo) = (£2)". (6b)

As was shown in [Molodensky, 2004], the optimal value of «
in the range of tidal periods is a ~ 0.04, and the quality fac-
tor @, in the lower mantle (for the oscillation period 200 s)
is

Qu ~ 75 . (7)
The values of electromagnetic and viscous coupling between

the liquid core and the shell are determined by the expres-
sions [Molodensky, 2004]

4 //|£|rc (evii, — epiiy)dS

= C, [ti(;*m) (ey cosot — e sin O't) (8a)
+ t((f;m) (ez cosot — ey sin a't)] ;
Tyic = @ [ti(rV)iS) (ey cos ot — e, sin O't) (8h)

+ 00 (—es cosot — ey sinot)] ,

where

ti(:is) = % /((1 — cos¥)? k1 + (1 + cos¥)? %g)sinﬂdﬂ;
. (92)

tly) = % ((1 = cos9)?[Rr | -+(1 + cos 9) [ |)sin 9o ;
0

gemm) — 15 e 9 sin dav;
in 16
0

™ (9b)
e—m 15 .
t‘g“t )= 176/‘£|Xout(19) Slnﬂdﬁ;
0
—|k2|(cos¥ +1)® at cosd > —f
Xin(ﬂ) = 0 at f < cos® < *f; (QC)
—|k1|(cos®¥ —1)® at cos¥ < f
|k1|(cos® — 1)? at cos® > —f
—_1)2 9
You(®) = 4 [Fal(cos? = 1)* 4 ko (cos 9 + 1) o)

at f <cosd < —f;
|ka|(cos® + 1)% at cosd < f
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|k1| and |k2| are the moduli of roots of the quadratic equation

E - icosﬂ _

o? f

corresponding to different signs of its right-hand side and

f=o/(2w).

1, (10a)

&= (ial/ + HOQ/(47T))/,0 ; (10b)
v is viscosity;
by = Msgn(—cosﬂ—&— 5, (10c)
V2
T, = 2l
ko = sgn(cos¥ + f) , (10d)

V2

Hy is the component of the magnetic field normal at the
solid/liquid core and liquid core/mantle boundaries; and

1, x>0
-1, z<0

sgn(z) = {

is the signum function. Here C. is the principal moment
of inertia of the liquid core and the indices “in” and “out”
denote components of moments, respectively, coinciding in
phase with the moments of the tidal forces (in-phase compo-
nents) and lagging behind them by 7/2 (out-off-phase com-
ponents).

Very few data are presently available on the angular dis-
tributions of Hy in the core. However, since the moment
of electromagnetic forces Cctf§7m>(ey cosotl — e, sinot) co-
incides in phase with the moments of tidal forces and forces
of the hydrodynamic pressure acting on the solid/liquid core
and liquid core/mantle ellipsoidal boundaries, the Hy distri-
butions can be taken into account by introducing parameters
of the effective dynamic flattening of the solid and liquid
Because the coefficients t{°~ ™ determined by rela-
tion (9b) are negative for any distributions of the functions
&(¥, ) (10b), the influence of this term reduces to the fact
that the effective dynamic flattenings of the inner and outer
cores esol and eliq become greater than their geometric flat-
tenings. Because of deficient data, I assume below that the
values of the antiferromagnetic and viscous coupling did not
significantly varied over the last 230 Myr and, therefore, the
deviations of ejiq and eso1 from their hydrostatic values re-
mained constant.

The resonance excitation of nearly diurnal free nutation
including effects of the mantle inelasticity and electromag-
netic and viscous coupling between core and shell can be
described in terms of the Liouville equation for the liquid
core

cores.

M+wxM=L=Tpq+ Tuis + Teem , (11)

where
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M; = Lipwi + /p(r x u); dr

T

(12)

is the ith component of the angular momentum of the liquid
core, I; is the product of its moments of inertia, 7 is its
volume, and L is the total moment of forces acting on the
liquid core; the latter includes the moments of viscous (Tvis),
electromagnetic (Te—n ), and hydrodynamic pressure (Thya)
forces.

In the bulk of the liquid core, I describe the displacement
field by expressions of the simplest (Poincare) type:

2

. wiz
u, = woa o cos(ot);

2
. wiz (13)
u, = o 2 sin(ot);

1, = (Vow? /o — 2ew)(y cos(at) — xsin(at)) ,

where 1) is a dimensionless resonance parameter determin-
ing the nutation amplitude of the liquid core relative to the
shell and ¢ is the nutation amplitude relative to the moving
(Tisserand) coordinate system. The substitution of (13) into
(12) yields

(14)
M= (ez cos(ot) + ey sin(at))w
< {[arars o e S —ee-aen}

+ CiLwe, = (ez cos(ot) + ey sin(at))Clw

w’([)o w I
[U+2w (;—ked) —56d+a:| + Crwe: ,

where A; and C; are the principal moments of inertia of the
liquid core; I; is the variation amplitude of inertia products
determined by the relations

I, = —///pa:sz = Re([lewt);

ps

I,. = —///pyzdr = Im([lewt) ,

T

(15)

(16)

and eq = (C1—A1)/C1 is the dynamic flattening of the liquid
core.

In order to calculate the total moment of forces exerted
by the liquid core on the shell, I calculate the moment of
hydrodynamic pressure forces:

Thya = — /pr x VWdr
7(t)
= thow? [(Cl . Al) (ey cos(ot) — e, sin(at))
+ Loy (ex cos(at) — ey sin(at))
— e, (Iyz cos(ot) — I;. sin(at))] .

(17)
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Table 1. Values of the amplitude ratio of forced nutation of the real Earth to nutation of the Earth’s solid model /<0,
the resonance parameter Vo, and the Love numbers h and k and the Shida number [ calculated for dynamic flattenings of

the liquid core ejjq corresponding to various geologic epochs

eriq X 10 /50 Wy x 1073 A k l eliq X 10> /50 WU x 1073 h k l
2736 1.390  1.249  1.148 0.559  0.063 3.052 144 43.11 19.2 9.3 —0.617
2.762 1423  1.353 1193 0.580  0.062 3.054 181  54.79 243 11.7 —0.806
2.788 1461 1477 1246 0.606  0.060 3.055 20.7  63.37 28.0  13.5 —0.946
2.813 1507  1.625 1.311 0.637  0.057 3.056 244 7514 331 159 —1.137
2.838  1.564  1.806 1.389 0.675  0.054 3.057 297 92.29 40.5 195 —1.416
2.850  1.597  1.913  1.435 0.697  0.052 3.058 382 1195 522 252 —1.859
2.862  1.635 2034 1487 0.722  0.051 3.059 53.9  169.7 73.9 356 —2.674
2.875  1.677 2170 1.546 0.750  0.048 3.060 92.1 2924 126.9  61.1 —4.667
2.887  1.726  2.326 1.613 0.783  0.046 3.061 128 405.6 156.6  75.8 —5.371
2.900 1782 2506 1.691 0.820  0.043 3.062  —103  —309.6 —142.5 —69.0  4.933
2.913  1.847 2717 1.782 0.864  0.039 3.063  —76.9  —250.1 —107.4 —51.7  4.147
2.925  1.925 2966 1.889 0.916  0.035 3.064  —47.1  —1545 —66.1 —31.8  2.594
2.938 2018 3265 2019 0.978  0.031 3.065 —33.8 —111.8 —47.7 —22.9  1.900
2.950 2132 3.631 2177 1.054  0.025 3.066  —26.3 —87.62 372 —17.9  1.507
2.963 2275  4.091 2375 1.149  0.017 3.067  —21.4  —72.02 -305 —14.7 1.253
2.975 2460  4.683 2631 1272  0.008 3.069 —155  —53.11  —223 —10.7  0.946
2.987 2706 5475 2973 1437 —0.005 3.071  —12.1  —42.06 —17.6 -84  0.767
3.000  3.053  6.590 3.454 1.669 —0.023 3.073 —9.8  —34.82 144 —69 0.649
3.012 3578 8275 4.182 2.019 —0.051 3.075 -83  —2070 —122  —59  0.566
3.025 4464 1111 5409 2.610 —0.097 3.100 —22  —1047 391 —1.878  0.254
3.037 6276 1693 7.921 3.819 —0.192 3.150  —0.42  —4.564 —1.36 —0.650  0.158
3.050 121 3553 159 7.685 —0.494 3.200  0.092 —2.918 —0.651 —0.308  0.131

The substitution of relations (8a), (8b), (14) and (17) into
(11) yields

wlotw) ~ w
Yo (U(O’+2w) B eda+2w)
()

o 1

1t _po
wC’l ’
where

o= ea 47 2R 4 (1 4 2R )
P P

— is the effective dynamic flattening of the core/mantle
boundary.

The second relation connecting the parameters ¥ and e
can be obtained by using the continuity condition for the
normal component of displacements at the core/mantle el-
lipsoidal boundary. The normal to this surface can be rep-
resented as

n= (er + 2eg4€e; cos 19) (1 — 2ey4 cos? 19) ,

where eg is the geometric flattening of this surface. In
the case of diurnal tidal waves, the dependence of the nor-
mal component of displacements of the core/mantle inelastic
boundary on the angular variables (¥, ¢) and time ¢ can be
represented as

US™ = h(™ sin 9 cos 9 cos(at — ¢) , (19)

where h™ is the complex amplitude independent of (9, 0,1).
Then, I obtain
o
g9 o2

B 12
1—=Ze,]=0.
2ro ( 7 eg)

(m) W (o +w) n
0 02(0 + 2w)

(20)

—€ (% (1—|—26g)) —

Equations (18) and (20) form a closed system of two alge-
braic equations (with complex coefficients) with respect to
the two unknown complex parameters € and ¥ determining
amplitudes and phases of the shell nutation and tidal oscil-
lations of the core relative to the shell near the resonance.
The values of I; and B represented as coefficients in these
equations were calculated for rheological models (4)—(6) in
[Molodensky, 2004].

Below, I demonstrate that, with these values of param-
eters, the amplitude of resonance oscillations of the liquid
core is about one and a half order of magnitude higher than
their amplitude in the recent epoch and, consequently, the
hypothesis that the geomagnetic variation pattern and the
resonance excitation of nearly diurnal nutation were interre-
lated in the geologic epoch under consideration is fairly well
substantiated.
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Numerical Results

For the numerical simulation of the resonance excitation
of nearly diurnal free nutation in the interval 280-230 Ma,
I used values of viscosity of the core and quality fac-
tor of the mantle from admissible ranges estimated in
[Molodensky, 2002, 2004]. Because of lacking data on the
temporal variation in the core-mantle electromagnetic cou-
pling, I used its contemporary value determined by the real
part of the contemporary dynamic flattening of the liquid
core (see formula (2)).

Amplitude ratios of forced nutation of the real Earth to
nutation of the Earth’s solid model /0, resonance param-
eters Wo, and dynamic values of the Love numbers h and k
and the Shida number [ calculated by formulas (18) and (20)
are presented in the Table 1 for geologic epochs correspond-
ing to various values of the dynamic flattening of the liquid
core ejiq. The first value ejjq = 2.736 % 10_3, presented in this
table, is the effective dynamic flattening of the liquid core
(including its electromagnetic coupling with the mantle) in
the recent epoch, whereas the value ejjq = 3.0615x 1072 cor-
responds to an epoch of approximately 280-230 Ma (more
accurate dates are not presented due to determination uncer-
tainties in values of the secular slowing-down of the Earth’s
daily rotation, although one may evidently assume that, in
the first approximation, eiiq decreases linearly with time).

As seen from the table, the Love and Shida numbers of
the resonance epoch exceed their contemporary values by
about two orders of magnitude, and resonance values of the
factor ¥y (proportional to the amplitude of diurnal oscilla-
tions of the liquid core relative to the shell) are about 300
times greater than its contemporary values for the same ret-
rograde annual component. The values of ¥y are about an
order of magnitude higher than the amplitude of contempo-
rary nearly diurnal oscillations of the core (excited by the
main lunisolar component K;). Taking into account that,
given turbulent friction of the core against the shell, the
force of viscous friction is proportional to the second power
of the resonance factor, and the absorbed energy is propor-
tional to its third power, it is evident that the dissipation
rate of tidal energy at the core/mantle boundary should have
increased by a about 10® times. Therefore, the hypothesis
on the interrelation between the geomagnetic variation pat-
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tern and the resonance excitation of nearly diurnal nutation
280-230 Ma is fairly plausible. Moreover, the estimate of
the contribution of this effect to the history of the Earth’s
thermal balance is of significant interest.
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